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1. Find the largest value of the expression a* + b + ¢, if it is known that the quadratic
function
f(z) = ax® + bz +c,

satisfies |f(z)| < |z| forall z: —1 <z < 1.
Solution: Since |¢| = [f(0)| < |0] = 0, it follows ¢ = 0 and we have to look at
f(z) = ax® + bz. Thus

[f(@)] = [z[lax + b] < ||, (D

whence |ax 4 b| < 1. At the end-points x = +1, we have
la+b <1,|—a+b] <1.

It follows that
((—a+b)*+ (a+b)*) < 1.

N | —

a’ + b =

Hence
P +E=a®+0<1.

Equality is achieved, when |a+b| = 1 and | — a+b| = 1, which happens exactly when
(a,b) = (£1,0) or (a,b) = (0, £1).

2. Compute

* arctan mx — arctan x
T
0

T

Solution: Let N >> 1. Consider

N arctan(ax
fN(CL)—/O t—()dx.

T

Taking a derivative in a yields

| 1 [N 1 1
fyla) = / ——dr = —/ dy = —tan_l(aN)
0 0

1+ a2x? a 1+y? a

The integral in question is

: : N
Jm [fe(m) = f(D] = Jim [+ tan”(aN)da =
1 1
= / — lim tan'(aN)da = E/ —da = zln(7r).
1 aN—oo 2), a 2



3. Is the number of solutions (1, T2, z3) € N to i—j + % + % = 1 even or odd?
Solution: The solutions where x5 # x3 come in pairs so they can be excluded. Hence,
it is equivalent to count the number of solutions where x5 = 3, which is the number
of solutions (1, z5) € N2 of g + % = 1. For (1, 7s) € N2, % + i—z = 1 if and only
if 2829 + 292, = 125, which can be rewritten as (1, — 2%) (x5 — 2%) = 2'7. It follows
that the solutions (z1, 7o) € N? to i—? + % = 1 are of the form
(11, 29) = (28 + 29,29 +2177%) fora € {0, 1,...,17}. Thus, the number of solutions
(21,9, 23) € N3 to % + % + % = lis even.

4. The sequence {a, }, is defined via a; = 0, a,,.1 = /20 — a,,. Prove that a,, is conver-
gent and find its limit.

Solution: Compute a; = /20 ~ 4.47, a3 = /20 — v/20 ~ 3.94,

as = \/20 — V20 — /20 ~ 4.007 etc. We show by induction that ass 1o < asg, aorro >
4, while agg1 > agg_1, asky1 < 4. Indeed, the checking is done for £ = (. Assuming
Aok, > Qop_9, We have

A2k+2 = £/ 20 — A2k+1 = \/20 — /20 — ag, > \/20 — /20 — agg_2 = asg.

Similarly for the proof of agr11 > ag—1. If asp—1 < 4, we have

Qo = /20 — agp_1 > V16 = 4.

Similarly for agg1 < 4, based on ag, > 4. Thus {ag }r, {askt1}r are convergent.
Denote their respective limits by a = limg asr, > 4,b = limg agkr1 < 4. We have,

after passing to limits
a=+v20—-b,b=+v20—a.

In order to solve the system, we have

a?=20—-b=20—+v20—aq,

whence 4
—a
16—a’=v200—a—4= ——nu——.
V20—a+4

The last one is equivalent to

(4—a) <4+a—m> 0

The only positive solution to the last one is a = 4, since

1
4 ——>0.

1
44— —— >
Vv20—a+4 4



5. We are given n > 3 points in the plane. Prove that there are three of them that form an
angle of at most 7 /n.
Solution: If any three points are co-linear, then we are done. So, assume that no three
points are on the same line. Then, take the convex hull of the n points and take three
consecutive points on it, say P, P», P, (so that P; is in the middle). Now

7T:4P2P1Pn+4P1PnP2+4P1P2Pn

Observe that now, because of the construction (all remaining points are inside the angle
Pl PQPn)

n—1
LPyPiPy =) PiPyPra
k=2
Alltogether,
n—1
T =LPP\P, + LP\P,Py+ LP,P,P, = LPP,Py + ZP,P,P, + Y _ PiPyPysy
k=2

Thus, at least one of the n angles in the last identity will be less than or equal to 7 /n.



